Rules for integrands of the form (g Cos[e + fx])P (a+bSin[e + fx])"
1. [Cos[e+fx]? (a+bsSin[e+fx])"dx when P;—lez

1: JCos[eH:x]”J (a+bSin[e+fx])'"dlx when*’;—lez Aat-b2=0

Derivation: Integration by substitution

Basis: If p;—l €Z A a’>-b? == 0,then

-1
Cos[e+fx]P (a+bSin[e+fx])" = bpl—fSubst[(a+x)m*pT (a-x)

p-1
2

» X, bsin[e+fx]] 8, (bSin[e + fx])
Rule: If 2% € Z A a® - b? == 0, then

1 -1 1
JCos[e+fx]p (a+bsinfe+fx])"dx — ESubst[J(a+x)m+pT (a—x)Pz_dlx, X, bSin[e+fx]]

Program code:

Int[cos[e_.+f_.#x_]"p_.*(a_+b_.«sin[e_.+f_.+x_])"m_.,x_Symbol] :=
1/ (b p+f) xSubst [Int[ (a+x)~ (m+ (p-1) /2) * (a-X)~ ((p-1) /2) ,X],X,bxSin[e+f+x]] /;
FreeQ[{a,b,e,f,m},x] && IntegerQ[(p-1)/2] && EqQ[a"2-b"2,0] && (GeQ[p,-1] || Not[IntegerQ[m+1/2]])



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2: JCos[e+fx]p (a+bSin[e+-Fx])"'dlx whenp;—lez A a’-b2#0

Derivation: Integration by substitution

p-1
2

Basis: |f]3£_1 € Z,then cosfe+ fx]PF[bSin[e+fx]] = LSubst[F[x] (b2-x?)2, x, bSin[e + fx]] 6x (bSin[e + fx])

b
Rule: If p;—l €Z A a’-b? +0,then

jCos[e+fX]P (a+bsin[e+fx])"dx — pi1‘:5ubst[J‘(a+x)m (bz-xz)gd]x, X, bSin[e+-Fx]]
b

Program code:

Int[cos[e_.+f_.*x_]~p_.#(a_+b_.+sin[e_.+f_.+x_])~m_.,x_Symbol] :=
1/(b"p*f) *Subst [Int[ (a+x) *mx (bA2-x72) ~ ((p-1) /2) ,X],X,bxSin[e+f+x]] /;
FreeQ[{a,b,e,f,m},x] && IntegerQ[(p-1)/2] && NeQ[a"2-b"2,0]

2 J(gCos[erFx])p (a+bsinfe+fx]) ax

Derivation: Nondegenerate sine recurrence 1b withc -0, d 1, A~0,B—>a, C->b, m-0, n-> -1

Rule:

b (gCos[e+fx])P*
fg(p+1)

J‘(gCos[e+1:x])p (a+bsin[e+fx])dx — -

+aj(gCos[e+fX])pdx

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.+sin[e_.+f_.»x_]),x_Symbol] :=
-bx (gxCos [e+fxx])~(p+1) /(fxgx (p+1)) + axInt[(g«Cos[e+fxx]) p,x] /;
FreeQ[{a,b,e,f,g,p},x] && (IntegerQ[2+p] || NeQ[a~2-b"2,0])



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

3. j(gCos[e+fx])p (a+bsin[e+ fx])"dx whena®-b? =0

1: J(gCos[erFx])" (a+bsin[e+fx])"dx whena?-b? =@ AmMeZ A p<-1A2m+p20

Derivation: Algebraic simplification

. 2 2 . m__ _a’"Cos[z]*"
Basis: If a2-b2==0 A me Z,then (a+bSin[z])" == (a bsin([z])"

Note: This rule removes removable singularities from the integrand and hence from the resulting antiderivatives.

Rule:lf a2 -b2 =20 AmeZ Ap<-1A2m+p=0,then

dx

aZ_"‘J- (gCos[e+1=x])2'“+p

Jlscoslentx)? (sovsinfenex)ax — 2 [1 =R

Program code:
Int[(g_.#cos[e_.+f_.xx_])~p_*(a_+b_.xsin[e_.+f_.»x_])~m_,x_Symbol] :=

(a/g) " (2#m) xInt [ (gxCos [e+fxx] )~ (2+m+p) / (a-bxSin [e+fxx]) m,x] /;
FreeQ[{a,b,e,f,g},x]| && EqQ[a~2-b"2,0] && IntegerQ[m] && LtQ[p,-1] && GeQ[2xm+p,0]

2. J(gCos[e+fx])p (a+bsin[e+fx])"dx whena?-b?=0 A m+pez"

1: ‘J.(gCos[ewa])’J (a+bsin[e+fx])"dx whena?-b? =@ Am+p+1==0 A p¢Z"

Derivation: Symmetric cosine/sine recurrence 1b withm - -m - 1
Derivation: Symmetric cosine/sine recurrence 2c withm - -m - 1

Rule:If a2 -b? =0 Am+p+1=0 A p¢Z,then



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

b (gCos[e+1:x])p+1 (a+bsin[e+fx])"

C £x])? b Si £x])"a
J(g os[e+fx])? (a+bsSin[e+fx])"dx — sfem

Program code:
Int[(g_.xcos[e_.+f_.»x_])"p_x(a_+b_.*sin[e_.+f_.»x_])~m_,x_Symbol] :=

bx (g+Cos [e+fxx]) " (p+1) » (a+bxSin[e+Ffxx]) " m/ (axfxgsm) /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a~2-b"2,0] && EqQ[Simplify[m+p+1],0] & Not[ILtQ[p,0]]

2: J(gCos[erFx])p(a+bSin[e+-Fx])"'dlx whena?-b?=0 Am+p+1€Z A2m+p+1+0

Derivation: Symmetric cosine/sine recurrence 2c
Rule:lf a2 -b2==0 Am+p+1ecZ A2m+p+1+0,then

J(gCos[e+fx])" (a+bsin[e+fx])"dx —

b(gcC f p+l bSi £x]\"
(g os[e+ X]) (a+ 1n[e+ x]) ¥ m+p+1 j(gCos[e+-Fx])p(a+bSin[e+‘FX])m+lle
afg (2m+p+1) a(2m+p+1)

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol] :=

bx (g*Cos [e+‘F*x] )" (p+1) = (a+b*Sin [e+f*x] ) "m/(a*f*g*Simplify [2xm+p+1] ) +

Simplify [m+p+1]/(axSimplify [2«m+p+1]) +Int [ (g«Cos[e+fxx]) px (a+bxSin[e+fxx])"(m+1),x] /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && ILtQ[Simplify[m+p+1],0] && NeQ[2+m+p+1,0] && Not[IGtQ[m,0]]



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

3. J(gCos[e+fx])p (a+bsinfe+fx])"dx whena?-b2=0 A 2—"”2""—lez+

1: J(gCos[erFx])p (a+bsin[e+fx])"dx whena?-b?=0 A 2m+p-1=0 Am#1

Derivation: Symmetric cosine/sine recurrence lawithm - -2m + 1
Derivation: Symmetric cosine/sine recurrence 1c withm - -2m + 1

Rule:lf a2 -b%2==0 A 2m+p-1==0 A m#+ 1, then

b (gCos[en‘x])"’1 (a+bSin[e+fx])""1

f(gCOS[e+fX])p(a+bSin[e+fx])'"dlx—) femoD)

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.+sin[e_.+f_.xx_])"m_,x_Symbol] :=
bx (g%Cos [e+fxx]) " (p+1) » (a+bxSin[e+fxx]) " (m-1) / (fxgx (m-1)) /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && EqQ[2m+p-1,0] && NeQ[m,1]



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2: J(gCOS[E+fX])p (a+bsinfe+fx])"dx whena?-b2=0 A 2—""'2”'—1ez+/\ m+p#0

Derivation: Symmetric cosine/sine recurrence 1c
Rule:If a® - b? =@ A 2™P=L € Z* A m+p # O, then

J(gCos[e+fx])" (a+bsin[e+fx])"dx —

b(gcC £x])P? b Si f£x])"? -
- (gCosfe+Fx]) (a+bSinfe+fx]) +a(2m+p 1) j(gCos[e+fx])p(a+bSin[e+fx])'"'1dlx
fg(m+p) m+p

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol] :=

-b* (g*Cos [e+f*x] ) A(p+1) * (a+b*Sin [e+'F*x] )" (m—1)/(f*g* (m+p) ) +

ax (2#m+p-1) / (m+p) +Int [ (g+Cos [e+fxx]) ~px (a+bxSin[e+fxx] )~ (m-1),x] /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && IGtQ[Simplify[ (2+m+p-1)/2],0] && NeQ[m+p,0]



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

4. J(gCos[e+fX])p (a+bsin[e+fx])"dx whena’-b?>==0 A m>0
1. J(gCos[erFx])p (a+bsin[e+fx])"dx whena?-b?>=0 Am>0 A p<-1

1: J(gCos[ewa])p (a+bsin[e+fx])"dx whena?-b?=0 Am>8 A ps-2m

Derivation: Symmetric cosine/sine recurrence 1b
Rule:If a2-b%2 =0 Am>0 A p < -2m,then

J(gCos[erFx])” (a+bsin[e+fx])"dx —

b (gCos[e+fx])** (a+bsin[e+Ffx])" am+p+1)
- +
afg(p+1) g2 (p+1)

Program code:

Int[(g_.xcos[e_.+f_.»x_])"p_(a_+b_.*sin[e_.+f_.»x_])"m_,x_Symbol] :=

-bx (g*Cos [e+f*x])"(p+1) * (a+b*Sin[e+f*x] )"m/(a*f*g* (p+1)) +

ax (m+p+1) / (g"2% (p+1) ) »Int[ (gxCos[e+Ffxx]) " (p+2) » (a+bxSin[e+Fxx] )~ (m-1) ,x] /;
FreeQ[{a,b,e,f,g},x]| & EqQ[a~2-b"2,0] && GtQ[m,0] && LeQ[p,-2+m] & IntegersQ[m+1/2,2xp]

J(gCOS[e+'Fx])P+2 (a+bSin[e+fx])m-1dlx



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2: I(gCos[erFx])p (a+bsin[e+fx])"dx whena?-b?>=0 Am>1 A p<-1

Derivation: Symmetric cosine/sine recurrence la
Rule:If a2 -b%2==0 A m>1 A p< -1,then

J(gCos[e+fx])" (a+bsin[e+fx])"dx —

b (gCos[e+fx])P* (a+bsin[e+fx])"" b2 (2m+p-1)
+

gCosfe+fx])”? (a+bsinfe+fx])"?dx
fg(p+1) g2 (p+1) J( [ DA [ )

Program code:

Int[(g_.#cos[e_.+f_.xx_])~p_*(a_+b_.xsin[e_.+f_.»x_])~m_,x_Symbol] :=

-2xbx (g*Cos [e+'F*X] )" (p+1) * (a+b*Sin [e+f*x] ) A (m- 1)/(‘F*g* (p+1) ) +

b*2% (2xm+p-1) / (g°2% (p+1) ) *Int [ (g*Cos [e+'F*x] ) (p+2) * (a+b*51n [e+'F*x] ) (m-2) ,x] /3
FreeQ[{a,b,e,f,g},x]| && EqQ[a"2-b"2,0] && GtQ[m,1] && LtQ[p,-1] && IntegersQ[2xm,2+p]

2. j(gCos[ewa])p (a+bsin[e+fx])"dx whena’-b?>==0 Am>0 A p¢-1

Jva+b51n[e+fx] dx when a? - b? == @

gCos[e+-Fx]

Derivation: Piecewise constant extraction and algebraic expansion

e 2 h2 /1iCos[e+fx] Va+bSin[e+fx] __
Basis: If a b® == ©, then Ox a+aCos[e+f x]+bSin[e+f x] =0

Rule: If a? - b? == 9, then
J\/a+b51n[e+fx] \/1+Cos[e+-Fx] \/a+bSin[e+-Fx] J\a+aCos[e+fx]+bSin[e+-Fx]

a+aCos[e+fx]| +bsinfe+fx] \/gCos[e+fx] '\/1+Cos[e+fx]

dx

gCos[e+fx]



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

dx

a\/1+Cos[e+fx] \/a+bSin[e+fx] \/1+Cos[e+fx] b\/1+Cos[e+fx] \/a+bSin[e+-Fx] Sin[e+fx]
— dx +
a+aCos[e+-Fx]+bSin[e+-Fx] ,gCos[erFx] a+aCos[e+-Fx]+bSin[e+-Fx] \/gCos[e+

fx] \/1+Cos[e+fx]

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/Sart[g_.+cos[e_.+f_.xx_]],x_Symbol] :=

a*Sqrt[1+Cos [e+fxx| ] *Sqrt[a+bxSin[e+fxx] ]/(a+a*Cos [e+fxx]+bxSin[e+fxx]) »Int[Sqrt[1+Cos [e+fxx] ]/Sqr't [g*Cos[e+fxx]],x] +

bxSqrt[1+Cos [e+f+x] ]| «Sqrt[a+bxSin[e+fxx]]/(a+axCos[e+fsx]+bxSin[e+fxx])+Int[Sin[e+fxx]/(Sqrt[g+Cos[e+Ff+x]]*Sqrt[1+Cos[e+f+x]]),x] /;
FreeQ[{a,b,e,f,g},x]| && EqQ[a~2-b"2,0]

2: J(gCos[e+fx])" (a+bsin[e+fx])'"d1x whena?-b%>==0 Am>0 Am+p#0

Derivation: Symmetric cosine/sine recurrence 1c

Rule:If a2 -b%? =0 A m>0 A m+p # 0, then

J(gCos[erFx])p (a+bsin[e+fx])"dx —

b(gc fx])Pt b Si £x])™? -
_ (g os[e+ X]) (a+ 1n[e+ X]) +a(2m+p b J(gCos[e+fX])p(a+bSin[e+fX])m_1d1X
fg(m+p) m+p

Program code:

Int[(g_.xcos[e_.+f_.xx_])"p_x(a_+b_.*sin[e_.+f_.»x_])~m_,x_Symbol] :=

-b# (g*COS [e+f*x] ) A(p+1) * (a+b*Sin [e+-F*x] )" (m—l)/(f*g* (m+p) ) +

ax (2#m+p-1) / (m+p) +Int [ (g+Cos [e+fxx])~px (a+bxSin[e+fxx] )~ (m-1),x] /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && GtQ[m,0] & NeQ[m+p,0] & IntegersQ[2xm,2xp]



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

5. J(gCos[e+fX])p (a+bsin[e+fx])"dx whena?-b?==0 A m< -1
1. J(gCos[erFx])p (a+bsin[e+fx])"dx whena?-b?=0 Am<-1Ap>1

1: J(gCos[ewa])p (a+bsin[e+fx])"dx whena?-b? =@ Am<-1 Ap>1A (M>-2V p+2m+1:=0)

Derivation: Symmetric cosine/sine recurrence 2a and 1c
Rule:if a2 -b? =0 Am<-1Ap>1A (mM>-2Vp+2m+1=0),then

J(gCos[erFx])p (a+bSin[e+-Fx])'"d]x —

C f p-1 b Si £ m+1 2 B
g(g OS[e+ X]) (a+ ln[E+ X]) +g @) J(gCos[e+fX])p_2 (a+bSin[e+'FX])m+1d1x
bf (m+p) a (m+p)

Program code:

Int[(g_.»cos[e_.+f_.»x_])~p_x(a_+b_.*sin[e_.+f_.xx_])"m_,x_Symbol] :=
g* (g*Cos [e+-F*x] )"(p—l) * (a+b*Sin[e+-F*x])"(m+1)/(b*f* (m+p)) +
g2 (p-1) / (ax (m+p) ) »Int [ (gxCos [e+Fxx] ) (p-2) + (a+bxSin[e+fxx] )" (m+1) ,x] /;

FreeQ[{a,b,e,f,g},x]| && EqQ[a"2-b"2,0] && LtQ[m,-1] & GtQ[p,1] && (GtQ[m,-2] || EqQ[2+m+p+1,0] || EqQ[m,-2] & IntegerQ[p]) &&
NeQ[m+p,0] && IntegersQ[2xm,2xp]

10



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2: j(gCos[ewa])p (a+bsin[e+fx])"dx whena?-b?> =@ Am<-2 Ap>1A2m+p+1+#0

Derivation: Symmetric cosine/sine recurrence 2a
Rule:lf a2 -b2==0 Am=<-2 Ap>1A2m+p+1%0,then

J(gCos[e+fx])" (a+bsin[e+fx])"dx —

2g (gc £x])P? b si fx])™* 2 (p -
AC os[e+ X]) (2 1n[e+ X]) + g (p-1) -J.(gCos[erFx])p'2 (a+bSin[e+fx])"'+2dlx
bf 2m+p+1) b2 (2m+p+1)

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol] :=
2xg% (g*COS [e+f*x] )" (p-1) * (a+b*Sin [e+f*x] )" (m+1)/(b*f* (2xm+p+1) ) +
g"2x (p-1) / (b"2x (2xm+p+1) ) *Int [ (g*Cos [e+f*x] )" (p-2) * (a+b*Sin [e+f*x] ) A (m+2) ,x] /3
FreeQ[{a,b,e,f,g},x] & EqQ[a"2-b"2,0] && LeQ[m,-2] & GtQ[p,1] && NeQ[2xm+p+1,0] && Not[ILtQ[m+p+1,0]] & IntegersQ[2xm,2+p]

11



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2: J(gCos[erFx])p (a+bsin[e+fx])"dx whena?-b?>=0 Am<-1 A2m+p+1+#0

Derivation: Symmetric cosine/sine recurrence 2c
Rule:lf a2 -b2==0 Am< -1 A2m+p+1+0,then

J(gCos[e+fx])" (a+bsin[e+fx])"dx —

b(gcC £x])P b si £x])"
(g os[e+ X]) (a+ 1n[e+ x]) ¥ m+p+1 j(gCos[e+-Fx])p(a+bSin[e+‘FX])m+1le
afg (2m+p+1) a(2m+p+1)

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol] :=

bx (g*Cos [e+‘F*x] )" (p+1) = (a+b*Sin [e+f*x] ) "m/(a*f*g* (2*m+p+1) ) +

(m+p+1) / (a% (2+m+p+1) ) xInt [ (gxCos [e+Fxx] ) ~px (a+bxSin[e+Fxx])~ (m+1),x] /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && LtQ[m,-1] & NeQ[2xm+p+1,0] & IntegersQ[2xm,2xp]

12



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

dx whena?-b%==0

6 J~(gCos[e+fX])p

a+bSin[e+-Fx]

N J- (gCos[e+fx])P

dx whena?-b%?==0 A p>1
a+b51n[e+fx]

Derivation: Symmetric cosine/sine recurrence 2a and 1c

Rule: If a2 -b%? ==0 A p > 1, then

J-(gCos[e+fx])p g(gCos[e+1:x])p'1 2

dx — +g—f(gCos[e+fx])p’2dx
a

a+bsin[e+fx] bf (p-1)

Program code:

Int[(g_.+cos[e_.+f_.xx_])~p_/(a_+b_.xsin[e_.+f_.*x_]),x_Symbol] :=
g*(g*Cos[e+-F*x])"(p—l)/(b*f*(p—l)) + gr2/axInt[ (gxCos[e+fxx]|)~(p-2),x] /;
FreeQ[{a,b,e,f,g},x| && EqQ[a"2-b"2,0] && GtQ[p,1] && IntegerQ[2xp]

13



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

dx whena?-b2=0 A pgt1l

). J~ (gCos[e+fx])P

a+b51n[e+fx]

Derivation: Symmetric cosine/sine recurrence 2c

Rule:If a2 -b% == 0 A p < 0, then

(gCos[e+fx])P? b(gCos[e+1“x])’J+1 p
J”—————————————-dx — +
a+bsSin[e+fx] afg(p-1) (a+bsin[e+fx]) a(p-1)

Program code:

Int[(g_.#cos[e_.+f_.xx_])~p_/(a_+b_.xsin[e_.+f_.»x_]),x_Symbol] :=
b*(g*Cos[e+f*x])A(p+1)/(a*f*g*(p—1)*(a+b*sin[e+f*x])) +
p/ (ax (p-1)) »Int [ (gxCos[e+fxx]) p,x] /;

FreeQ[{a,b,e,f,g,p},x] && EqQ[a"2-b"2,0] 8&& Not[GeQ[p,1]] & IntegerQ[2xp]

C f P
(g os[e+ x]) dx whena?-b%2==0

'\/a+bSin[e+fx]

(gCos[e+fx])P

dx whena?-b%*==0 A p>0

\/a+bSin[e+fx]

\/ g Cos [e + f x]

\/a+bSin[e+fx]

dx whena?-b%2==0

Derivation: Piecewise constant extraction and algebraic expansion

fee 2 K2 __ J1+Cos[e+fx] ~JatbSin[exfx] __
Basis: If a b == @, then O« a+aCos[e+fx]+bSin[e+f x] =0

Rule: If a2 - b? == 9, then

j(gCos[ewa])pdlx

14



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

\/ gCos[e+ fx] g\/1+Cos[e+fx] \/a+bSin[e+fx] a+aCos[e+fx]-bSin[e+fx]

dx — : dx
'\/a+b5in[e+fx] a(aracCos[e+fx]+bsin[e+fx]) \/gCos[e+fx] \/1+Cos[e+fx]

dx

g\/1+Cos[e+fx] \/a+bSin[e+'Fx] \/1+Cos[e+fx] g\/1+Cos[e+fx] \/a+bSin[e+-Fx] Sin[e+ f x|
— dx -
a+aCos[e+fx]+bSin[e+fx] ,gCos[e+-Fx] b+bCos[e+fx] +asSin[e+fx] \/gCos[e+

fx] \/1+Cos[e+fx]

Program code:

Int[Sqrt[g_.xcos[e_.+f_.+«x_]]/sqrt[a_+b_.xsin[e_.+f_.»x_]],x_Symbol] :=

g*Sqrt[1+Cos [e+fxx] | «Sqrt [a+bsSin[e+fxx]]/(a+axCos[e+fxx] +bxSin[e+fxx]) +»Int[Sqrt[1+Cos[e+Ffxx]]/Sqrt[g«Cos[e+f+x]],x] -

g*Sqrt[1+Cos [e+fxx] | +Sqrt [a+bsSin[e+fxx] ]/ (b+bxCos[e+f+x]+axSin[e+fsx]) +»Int[Sin[e+fxx]/(Sqrt[g+Cos[e+f+x]]*Sqrt[1+Cos[e+fsx]]),x] /;
FreeQ[{a,b,e,f,g},x] && EqQ[a~2-b"2,0]

C f 3/2
(g os[e+ x]) dx whena?-b%?==0

\/a+bSin[e+fx]

Derivation: Symmetric cosine/sine recurrence 2a and 1c

Rule: If a? - b? == 9, then

(gCos[e+fx])*? g\/gCos[e+-Fx] \/a+bSin[e+-Fx] g2 \/a+bsin[e+-Fx]
dx — b —

\/a+bSin[e+fx] bf 2a +\/ g Cos[e + fx]

dx

Program code:

Int[(g_.#cos[e_.+f_.xx_])~(3/2)/Sqrt[a_+b_.xsin[e_.+f_.*x_]],x_Symbol] :=
g*Sqrt[g«Cos [e+fxx] ] +Sqrt[a+bsSin[e+fxx] ]/ (bxf) +
g"2/ (2+a) xInt[Sqrt[a+b+Sin[e+fxx]]/Sqrt[g«Cos[e+f+x]],x] /;
FreeQ[{a,b,e,f,g},x]| && EqQ[a~2-b"2,0]
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

(gCos[e+fx])P

dx whena?-b%?==0 A p>2

\/a+bSin[e+fx]

Derivation: Symmetric cosine/sine recurrence 1c withn - - %

Rule: If a2 -b% ==0@ A p > 2, then

(gCos[e+fx])P dx s 2b(gCos[e+1:x])p+1 +Za(p_2)J- (gCos[e+fx])P?
\/a+bSin[e+'Fx] fg(2p-1) (a+bSin[e+'Fx])3/2 2p-1 (a+bSin[e+'Fx])3/2
Program code:
Int[(g_.+cos[e_.+f_.xx_])~p_/Sqrt[a_+b_.+sin[e_.+f_.xx_]],x_Symbol] :=
-2xbx (g*Cos [e+'F*X] )" (p+1)/(f*g* (2xp-1) * (a+b*Sin [e+'F*X] )" (3/2) ) +
2xax (p-2) / (2xp-1) »Int [ (g+Cos[e+Ffxx])~p/(a+bxSin[e+fxx]) " (3/2),x] /;
FreeQ[{a,b,e,f,g},x]| && EqQ[a"2-b"2,0] && GtQ[p,2] && IntegerQ[2xp]
C fx])?
2: (gCos[e+fx]) dx whena?-b%2=0 A p<-1
\/a+bSin[e+-Fx]
Derivation: Symmetric cosine/sine recurrence 1b withn —» - %
Rule:If a2 -b%==0 A p < -1,then
(gCos[e+fx])P ix b(gCos[e+-Fx])p+1 a(2p+1) (gCos[e+-Fx])p+2 i
. o . "2g (P+1)J(a+bsin[e+fx])3/2
\/a+b51n[e+-Fx] a-Fg(p+1)\/a+b51n[e+-Fx]

Program code:

Int[(g_.+cos[e_.+f_.xx_])~p_/Sart[a_+b_.+sin[e_.+f_.xx_]],x_Symbol] :=

-bx (g*COS [e+'F*X] ) 2 (p+1)/(a*f*g* (p+1) *Sqrt [a+b*Sin [e+'F*X] ] ) +

ax (2xp+1) / (2x8~2x (p+1) ) *Int [ (g*COS [e+f*x] ) 2 (p+2)/(a+b*Sin [e+‘F*x] )" (3/2) ,x]
FreeQ[{a,b,e,f,g},x]| && EqQ[a"2-b"2,0] && LtQ[p,-1] & IntegerQ[2#p]

/5

16



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

8. J(gCos[e+fx])p (a+bsin[e+fx])"dx whena?-b?==0

1: J(gCos[erFx])p (a+bsin[e+fx])"dx whena?-b’=0 A mez

Derivation: Piecewise constant extraction and integration by substitution

. +1
Basis: If a? - b2 == 9, then Oy (g Coslefx];? -

p+l

(1+Sin[e+fx]) 2 (1-Sin[e+fx]) 2

p-1
. +1 Cos[e+fx] (1+2Sin[e+fx]) 2 (1-2Sin[e+fx
Basis: If a2 - b2 == @, then (gCoslefx])”  Coslerfx) (b, sinlerfx]) (3, sinle-fx])

p-1
2

p+1 P

g (1+Sinfe+fx]) 2 (1-Sinle+fx]) 2 (g Cos[e+fx])P

Basis: Cos [e + f x] == % OxSinfe + f x]

Rule: If a2 - b% == 0 A m € Z, then

J\(gCos[e+1=x])p (a+bsin[e+fx])"dx — a“‘J\(gCos[erFx])p [1+ Esin[e+fx]]mdlx —

p+l

"(gC fx])P? N=3 L
" (e osp[j+ x]) JCos[e+fx] [1+Esin[e+-Fx])m ’ (1—Esin[e+fx]] > dx —
g (1+sin[e+fx]) 7 (1-sin[e+fx]) = a a

p-1

b M+ —— b —p;l .
Subst[J(1+ —x) (1— —x) dx, x, Sln[e+fx]]
Bl a a

a" (gCos[e+ -Fx])p+1

fg (1+sines+fx])T (1-Sin[e+Fx])

Program code:

Int[(g_.#cos[e_.+Ff_.xx_])~p_x(a_+b_.*sin[e_.+f_.»x_]) m_.,x_Symbol] :=
armx (gxCos [e+fxx] )~ (p+1) / (Frg* (1+Sin[e+Fxx] )~ ((p+1) /2) » (1-Sin[e+Ffxx]) " ((p+1)/2))
Subst [Int[ (1+b/axx)”(m+(p-1)/2)*(1-b/axx) " ((p-1)/2),x],Xx,Sin[e+fxx]] /;
FreeQ[{a,b,e,f,g,p},x] && EqQ[a"2-b"2,0] && IntegerQ[m]
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2: J-(gCos[erFx])p (a+bsin[e+fx])"dx when a?-b*>=0 A m¢z

Derivation: Piecewise constant extraction and integration by substitution

. +1
Basis: If a2 - b? == @, then Oy (gCos|erfx 7 R —
(a+bSinfe+fx]) 2 (a-bSin[e+fx]) 2

Basis: If a2 B bz -- 9.then a2 (gCos[e+fx])Pt Cos[e+fx] (a+bSin[e+f x]) pTl (a-bSinfe+f x])%
. - ) p+1 p+1
g (a+bSinf[e+fx]) 2 (a-bSin[e+fx]) 2 (g Cos[e+fx])P
Basis: Cos [e + f x] == % OxSinfe + f x]

Rule: If a2 - b% == 0 A m ¢ Z, then

J\(gCos[erFx])p (a+bsine+fx])"dx —

a2 (gCos[e+1=x])p+1

p+1

JCos[e+fx] (a+bSin[e+fx])™T (a-bsin[e+fx])T ax —
g(a+bsin[e+fx]) = (a-bSin[e+fx]) 7

a’ (gCos[e + -Fx])p+1

1

— ” Subst[J(a+bx)m+¥ (a—bx)gdlx, X, Sin[e+fx]]
fg(a+bSin[e+fx]|)? (a-bsSin[e+fx]) 7

Program code:

Int[(g_.#cos[e_.+Ff_.xx_])~p_x(a_+b_.*sin[e_.+f_.»x_]) m_.,x_Symbol] :=
ar2x (g*Cos [e+f*x] ) A (p+1)/(f*g* (a+b*Sin [e+f*x] ) A((p+1) /2) * (a-b*Sin [e+f*x] ) A((p+1) /2) ) *
Subst [Int[ (a+bxx)~ (m+ (p-1)/2) * (a-b*x) " ((p-1) /2) ,x],X,Sin[e+fxx]] /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && Not[IntegerQ[m]]

::1
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

4. J(gCos[e+fx])p (a+bsinf[e+fx])"dx whena’?-b?#0
1. J(gCos[erFx])p (a+b5in[e+fx])'"d1x when a2-b2#0 A m>0
1. J(gCos[erFx])" (a+bsin[e+fx])"dx whena?-b’#8 Am>0 A p<-1

1: I(gCos[erFx])p (a+bsin[e+fx])"dx whena’-b*>#0 A @<m<1 A p<-1

Derivation: Nondegenerate sine recurrence 3awithc -1, d-0, A-1, B->0, C—> 90
Derivation: Nondegenerate sine recurrence 3b withc -0, d -1, A-0,B->a, C>b, m>m-1, n> -1
Derivation: Nondegenerate sine recurrence 3awithc -9, d -1, A-0,B->1, C->0, n—> -1

Rule:If a2 -b2+0@ A @<m<1 A p< -1,then

J(gCos[e+fx])p (a+bsin[e+fx])"dx —

(gcos[e+fx])P* (a+bsin[e+fx])"sin[e+fx]
i fg(p+1) '

gz(p—“l-)J-(gCos[erFx])p+2 (a+bSin[e+-Fx])'"'1 (a(p+2) +b (m+p+2)Sin[e+fx])dx

Program code:

Int[(g_.xcos[e_.+f_.»x_])"p_x(a_+b_.*sin[e_.+f_.xx_])~m_,x_Symbol] :=

- (g*COS [e+f*x] )" (p+1) * (a+b*sin [e+f*x] ) AmxSin [e+f*x]/(f*g* (p+1) ) +

1/(g*2x (p+1)) +Int [ (g+Cos[e+fxx] )" (p+2) * (a+bxSin[e+fxx] )" (m-1) x (ax (p+2) +b* (m+p+2) «Sin[e+fxx]),x]| /;
FreeQ[{a,b,e,f,g},x| && NeQ[a"2-b"2,0] && LtQ[O,m,1] && LtQ[p,-1] && (IntegersQ[2xm,2xp] || IntegerQ[m])
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2: j(gCos[erFx])p (a+bsin[e+fx])"dx whena?-b?#0 Am>1 A p<-1

Derivation: Nondegenerate sine recurrence 3awithc -0, d-1, A-0, B>a, C>b, m->m-1, n-> -1

Rule:If a2 -b%2+0@ Am>1 A p < -1,then

J(gCos[erFx])p (a+bsin[e+fx])"dx —

i (gCos[e+-Fx])p+1 (a+bSin[e+1=x])""1 (b+asin[e+fx]) .

fg(p+1)
J(gCos[erFx])'“z (a+bSin[e+1=x])""2 (b> (m-1) +a® (p+2) +ab (m+p+1) Sin[e+fx]) dx

g2 (p+1)

Program code:

Int[(g_.»cos[e_.+f_.»x_])"p_»(a_+b_.*sin[e_.+f_.»x_])"m_,x_Symbol] :=

- (gxCos[e+fxx])~ (p+1) * (a+bxSin[e+fxx]) A (m-1) « (b+axSin[e+fxx]) /(fxg (p+1)) +

1/ (g"2* (p+1) ) *Int [ (g*COS [e+f*x] ) A (p+2) * (a+b*Sin [e+f*x] ) A(m-2) * (b"Z* (m-1) +a”2% (p+2) +a*xbx (m+p+1) *Sin [e+f*x] ) ,X] /3
FreeQ[{a,b,e,f,g},x] & NeQ[a"2-b"2,0] 8&& GtQ[m,1] && LtQ[p,-1] && (IntegersQ[2sm,2xp] || IntegerQ[m])
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2: J-(gCos[erFx])p (a+bsin[e+fx])"dx whena?-b?#@0 Am>1 Am+p#0

Derivation: Nondegenerate sine recurrence 1b withc -0, d -1, A0, B—->a, C>b, m->m-1, n> -1

Rule:If a2 -b%?+0@ Am>1 A m+p # 0,then

f(gCos[erFx])p (a+bsin[e+fx])"dx —

b (gCos[e+-Fx])p+1 (a+bSin[e+-Fx])""1
- +

fg (m+p)

J(gCos[e+fX])p (a+bSin[e+-Fx])'"'2 (b> (m-1) +a® (m+p) +ab (2m+p-1) Sin[e + fx]) dx
m+p

Program code:
Int[(g_.xcos[e_.+f_.»x_])~p_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol] :=
-bx (gxCos[e+fxx] )~ (p+1) » (a+bxSin[e+Ffxx] )" (m—1)/(-F*g* (m+p)) +

1/ (m+p) xInt [ (g*Cos [e+'F*x] ) Apx (a+b*Sin [e+'F*x] ) A(m=-2) % (b"2* (m-1) +a”2% (m+p) +axbx (2xm+p-1) xSin [e+'F*x] ) ,x] /3
FreeQ[{a,b,e,f,g,p},x] && NeQ[a"2-b"2,0] && GtQ[m,1] && NeQ[m+p,0] & (IntegersQ[2xm,2xp] || IntegerQ[m])

2. J‘(gCos[ewa])p (a+bsin[e+fx])"dx when a’>-b*>#0 A m<-1

1: J(gCos[erFx])p (a+bsin[e+fx])"dx whena?-b>#@ Am<-1 A p>1

Derivation: Nondegenerate sine recurrence 2a withc -0, d-1, A-0, B>1, C->0, n—> -1

Derivation: Integration by parts

(a+bSin[e+f x])"1
bf (n+1)

Basis:Cos[e + fx] (a+bSin[e+ fx])" = 0Ok

Rule:If a2-b%2+0@ A m< -1 A p>1,then
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

J(gCos[erFx])p (a+bsin[e+fx])"dx —

g (gCos[e+fx])P™* (a+bsin[e+fx])™ g2 (p-1)
+

bf (m+1) b (ms1) J(gtos[en‘x])'” (a+bSin[e+-Fx])"‘+ISin[e+fx] dx

Program code:
Int[(g_.xcos[e_.+f_.»x_])"p_x(a_+b_.*sin[e_.+f_.xx_])"m_,x_Symbol] :=
g* (g*Cos [e+f*x] )" (p-1) * (a+b*Sin [e+f*x] ) n (m+1)/(b*f* (m+1) ) +

g°2x (p-1) / (bx (m+1) ) xInt[ (g+Cos [e+Ffxx]) " (p-2) » (a+bxSin[e+fxx]) " (m+1) xSin[e+fxx],x] /;
FreeQ[{a,b,e,f,g},x| && NeQ[a"2-b"2,0] && LtQ[m,-1] & GtQ[p,1] && IntegersQ[2«m,2+p]

2: J(gCos[en‘x])" (a+bsin[e+fx])"'d]x whena?-b2#0 A m< -1

Derivation: Nondegenerate sine recurrence lawithc -1, d -0, A-1, B->0, C—> 0
Derivation: Nondegenerate sine recurrence 1c withc -1, d 0, A~>1, B—>0, C-> 0
Derivation: Nondegenerate sine recurrence 1c withc -0, d >1, A-0,B->1, C->0, n> -1

Rule:If a2 -b%? +0 A m< -1, then

J(gCos[ewa])P (a+bsin[e+fx])"dx —

b(gCos[e+-Fx])erl (a+bSin[e+1=x])'"+1 1

+ J(gCos[ewa])p (a+bSin[e+-Fx])'"+1 (a(m+1) -b (m+p+2)Sin[e+fx]) dx

fg(a?-b*) (m+1) (a®-b%) (m+1)

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_(a_+b_.*sin[e_.+f_.xx_])~m_,x_Symbol] :=

-bx (gxCos[e+fxx] )~ (p+1) # (a+bxSin[e+fxx]) A (m+1) /(Frgx (a"2-b"2) » (m+1)) +

1/ ((a"2-b"2) # (m+1) ) xInt [ (gxCos[e+Ffxx]) "px (a+bxSin[e+fxx]) " (M+1) x (ax (M+1) -bx (m+p+2) xSin[e+fxx]),x]| /;
FreeQ[{a,b,e,f,g,p},x]| && NeQ[a"2-b"2,0] && LtQ[m,-1] && IntegersQ[2xm,2xp]
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

3: J(gCos[e+fX])p (a+bsin[e+fx])"dx whena’-b?#8 A p>1 Am+p#0

Derivation: Nondegenerate sine recurrence 2awithc -0, d-1, A-0, B>a, C>b, m->m-1, n-> -1

Derivation: Nondegenerate sine recurrence 2b withc -0, d -1, A-0,B->1, C->0, n> -1

Rule:If a2 -b?+@ A p>1 A m+p # 0,then

J(gCos[erFx])p (a+bsin[e+fx])"dx —

g (gCos[e+1=x])"_1 (a+bSin[e+-Fx])m+1 g2 (p-1)
+

bf (m+p) b (m+p)

Program code:
Int[(g_.xcos[e_.+f_.»x_])"p_x(a_+b_.*sin[e_.+f_.xx_])"m_,x_Symbol] :=
g* (g*COS [e+'F*X] )" (p-1) * (a+b*S:i.n [e+'F*X] ) 2 (m+1)/(b*f* (m+p) ) +

g°2x (p-1) / (bx (m+p) ) xInt[ (g+Cos [e+Ffxx] )~ (p-2) » (a+bxSin[e+Ffxx] ) "mx (b+axSin[e+fxx]),x] /;
FreeQ[{a,b,e,f,g,m},x] && NeQ[a"2-b"2,0] && GtQ[p,1] && NeQ[m+p,0] & IntegersQ[2m,2xp]

4: J‘(gCos[eHCx])p (a+bsin[e+fx])"dx whena?-b?#8 A p<-1

Derivation: Nondegenerate sine recurrence 3b withc -1, d 50, A~1, B—>0, C-> 0
Derivation: Nondegenerate sine recurrence 3b withc -9, d -1, A-0,B->1, C->0, n—> -1

Rule:If a2 -b% + @ A p < -1, then

J(gCos[ewa])" (a+bsin[e+fx])"dx —

(gCos[e+1=x])p+1 (a+bsin[e+1=x])"1+1 (b-asin[e+fx])

+

fg(a’-b%) (p+1)

j(gCos[em‘x])"‘z (a+bsin[e+fx])" (b+asin[e+fx]) dx
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

1
g? (a*-b?) (p+1)

J(gCos[erFx])pﬂ (a+bsin[e+fx])" (a® (p+2) -b> (m+p+2) +ab (m+p+3) Sin[e+ fx]) dx

Program code:
Int[(g_.#cos[e_.+f_.xx_])~p_*(a_+b_.xsin[e_.+f_.»x_])~m_,x_Symbol] :=
(g*Cos [e+'F*x] ) A(p+1) * (a+b*Sin [e+f*x] )" (m+1) % (b—a*Sin [e+'F*x] )/(f*g* (a”"2-b”2) x (p+1) ) +

1/ (g"2% (a”2-b”2) * (p+1) ) *Int [ (g*COS [e+f*x] ) A (p+2) * (a+b*Sin [e+-F*x] ) m* (a"2* (p+2) -b”2% (m+p+2) +axbx (m+p+3) *Sin [e+f*x] ) ,X] /5
FreeQ[{a,b,e,f,g,m},x] && NeQ[a"2-b"2,0] && LtQ[p,-1] & IntegersQ[2m,2xp]

5. J(gCos[e+fx])p (a+bsin[e+fx])"dx when a’-b?>#@0 Am+pez"

1. J(gCos[erFx])p (a+bSin[e+-Fx])"'d1x when a2 -b2#0 Am+p+1=20

dx when a?-b%+0

1
1:
J\\/gCos[ewa] \/a+bsin[e+-Fx]

Derivation: Piecewise constant extraction and integration by substitution

b) (1-Sin[e+fXx])

\/— a+bSinfe+f x]
g Cos[e+f x] .

Basis: Oy -
. 1+Cos[e+f x]+Sin[e+f x]
\/a+b Sin [e_”: X] \/ 1+Cos[e+f x]-Sin[e+f x]
a+bSinf[e+f x]
. (a-b) (1-Sin[e+fx])
Basis: ==

(a+bSinfe+f x]) J 1+Cos[e+f x]+Sinfe+f X]

1+Cos[e+f x]-Sin[e+f Xx]

242 Subst 1 X 1+Cos[e+f x]+Sin[e+f Xx] 5 1+Cos[e+f x]+Sin[e+f x]
(a-b) f ) > 1+Cos[e+f x]-Sin[e+f x] X 1+Cos[e+f x]-Sin[e+f x]
(a+b) x*
1+ b

Rule: If a2 - b% # 0, then



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m 25

X —

1
d
J\\/gCos[e+fX] '\/a+bSin[e+-Fx]

dx —

_ a+bSinfe+f x a+bSinfe+f x
(a-b) VgCos[e + fX] \/ (a-b) (1-Sin[e+fx]) J (a-b) (1-sin[e+fx])

g \/a +bSin[e+ fx] \/ L+Cos [e+F x] +Sin[e+f x]

1+Cos[e+f x]-Sin[e+f x]

(a+bSin [e+fx]) \/ 1+Cos[e+f x] +Sin[e+f x]

1+Cos[e+f x]-Sin[e+f x]

]

a+bSin[e+f x
2V2 N g Cos e+ fx] \/ (a-b) (1-sin[e+fx]) J 1 \l 1+Cos[e+fx] +Sin[e+fx]
Subst[ —  ax, x,

1+Cos[e+-Fx] —Sin[e+-Fx]

. i 4
f g ,\/a +bSin [e +f X] \/ 1+Cos[e+f x]+Sin[e+f x] 14+ (a,,bb) %
a

1+Cos[e+f x]-Sin[e+f x] -

Program code:

Int[1/(Sqrt[g_.«cos[e_.+f_.xx_]]+Sqrt[a_+b_.xsin[e_.+f_.+x_]]),x_Symbol] :=
2xSqrt[2] »Sqrt [g«Cos [e+f+x] | #Sqrt[ (a+bsSin[e+f+x])/((a-b) x (1-Sin[e+fxx]))]/
('F*g*Sqr‘t [a+b*Sin [e+'F*x] ] *Sqrt [ (1+Cos [e+f*x] +Sin [e+f*x] )/(1+Cos [e+f*x] -Sin [e+f*x] ) ] ) *
Subst[Int[1/Sqrt[1+(a+b)«x"4/(a-b)1,x]1,X,Sqrt[(1+Cos[e+fxx]+Sin[e+fxx])/(1+Cos[e+Ffxx]-Sin[e+f+x])]] /;
FreeQ[{a,b,e,f,g},x] && NeQ[a"2-b"2,0]

2: J-(gCos[eﬂCx])p (a+bsin[e+fx])"dx whena’-b*>#@ Am+p+1=:0

Derivation: Integration by substitution

Rule:If a2 - b2+ 0 A m+p+1-==0,then

J\(gCos[e+fx])p (a+bsinfe+fx])"dx —

! g(gCos[e+-Fx])”'1 (1-sinfe+fx]) (a+bSin[e+-Fx])"'+1 _(a—b) (1-sinfe+fx]))?

f(a+b) (m+1) (a+b) (1+Sin[e+fx])




Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2 (a+bsin[e+fx])

]

Hypergeometric2F1 [m +1, o +1, m+2,
2 (a+b) (1+sin[e+fx])

Program code:

Int[(g_.»cos[e_.+f_.xx_])~p_»(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol] :=
g% (g*Cos [e+'F*x] )" (p-1) = (1-Sin [e+'F*x] ) * (a+b*Sin [e+f*x] ) A(m+1) = (— (a-b) = (1—Sin [e+'F*x] )/( (a+b) » (1+Sin [e+f*x] ) ) ) @ (m/2)/
('F* (a+b) » (m+1) ) *
Hypergeometric2F1[m+1,m/2+1,m+2,2x (a+bxSin[e+fxx])/((a+b) x (1+Sin[e+fxx]))] /;
FreeQ[{a,b,e,f,g,m,p},x] & NeQ[a"2-b"2,0] && EqQ[m+p+1,0]

2: J(gCos[erFx])p (a+bSin[e+-Fx])md1x whena?-b2#0 Am+p+2==0

Rule:If a2 -b%? + 0 A m+p +2 = 0,then

J(gCos[erFx])" (a+bsin[e+fx])"dx —

(gCos[e+-Fx])p+1 (a+bSin[e+1:x])"'+1 a (gCos[e+-Fx])p+2 (a+bsinfe+fx])"
+
fg(a-b) (p+1) gz(a—b)J

dx
1—Sin[e+-Fx]

Program code:
Int[(g_.xcos[e_.+f_.»x_])"p_x(a_+b_.*sin[e_.+f_.xx_])"m_,x_Symbol] :=
(g*Cos[e+-F*x])"(p+1)*(a+b*sin[e+f*x])"(m+1)/(-F*g*(a—b)*(p+1)) +

a/ (g"2# (a-b)) »Int [ (gxCos [e+fxx])~ (p+2) * (a+bxSin[e+fxx]) m/ (1-Sin[e+Ffxx]),x] /;
FreeQ[{a,b,e,f,g,m,p},x] & NeQ[a"2-b"2,0] && EqQ[m+p+2,0]

3: J(gCos[ewa])" (a+bsin[e+fx])"dx whena?-b?>#@0 Am+p+2€z”

Rule:If a2 -b2+ 0@ Am+p+2ez,then
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

j(gCos[erFx])p (a+bsin[e+fx])"dx —

(gCos[e+-Fx])p+1 (a+bSin[e+-Fx])"'+1
fg(a-b) (p+1)

(gcos[e+Fx])P? (a+bsin[e+fx])"

a
gCos[e+fx])”? (a+bsinfe+fx])"dx J dx
J(gcos[e+#x])* (arbsinfes £x])"axs ——— - sin[er o]

b (m+p+2)
g>(a-b) (p+1)

Program code:

Int[(g_.xcos[e_.+f_.»x_])"p_x(a_+b_.*sin[e_.+f_.»x_])"m_,x_Symbol] :=
(g*Cos [e+f*x]) (p+1)*(a+b*sin[e+f*x]) (m+1)/(f*g* (a- b)*(p+1)) -
bx (m+p+2) / (g72x (a-b) # (p+1) ) Int [ (gxCos [e+fxx] )~ (p+2) x (a+bxSin[e+fxx]) m,x] +
a/ (g"2+ (a-b)) »Int [ (gxCos [e+fxx])~ (p+2) * (a+bxSin[e+fxx]) m/ (1-Sin[e+Ffxx]),x] /;
FreeQ[{a,b,e,f,g,m,p},x] & NeQ[a"2-b"2,0] && ILtQ[m+p+2,0]

dx when a?-b%#0

6. J'\/gCos[e+fX]

a+bSin[e+-Fx]

Derivation: Algebraic expansion and integration by substitution

BaSIS- 1 __ _a-bsinfz] __ a bSin[z]

* a+bsin[z] a2-b?sin[z]? a2-b2+b? Cos[z]? a2-b2+b? Cos[z]?

Basis: Letq = v/ —a? + b? | then _eCesizl__ ; - :
a*-b*+b* Cos[z] 2b+/gCos[z] (q+bCos[z]) 2b+/gCos[z] (gq-b Cos[z])

Basis: sin[e+ fx] F[gCos[e + fx]] = —iSubst[F[x], X, gCos[e+fx]] o (gCos[e+fx])

| |
Rule: If a2 - b? # @, letq = v/ —a% + b? , then

J\/gCos[e+fX \/ gCos|[e+ fx] Jsin[e+fx]'\/gCos[e+fx]
dx-b dx

a+b51n[e+fx] a2—b2+b2Cos[e+-Fx]2 az—b2+b2Cos[e+fx]2
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vV x
b%)

1 1 bg
dx + —Subst[j
f g2 (az_ 2

— EE dx - EE~JH
2bJVgCos[e+fX] (q+bCos[e+fx]) 2b \gCos[e+fx] (q-bCos[e+fx])

o dx, x, gCos[e+fx]]
+b2x

Program code:

Int[Sqrt[g_.xcos[e_.+f_.#x_]]/(a_+b_.xsin[e_.+f_.*x_]),x_Symbol] :=
With[{q=Rt[-a"2+b"2,2]},
a*g/(Z*b)*Int[1/(Sqrt[g*Cos[e+f*x]]*(q+b*Cos[e+f*x])),x] -
axg/ (2xb) +Int[1/(Sqrt[g«Cos [e+fxx] ]+ (q-bxCos [e+fxx])),x] +
bxg/fxSubst [Int [Sqrt[x]/ (g"2x (a"2-b"2) +b"2%Xx 2) ,X] ,X,g*Cos [e+Ff+x]]] /;

FreeQ[{a,b,e,f,g},x]| && NeQ[a"2-b"2,0]



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

1

7:
Jw/gCos[eva] (a+bsinfe+fx])

dx whena?-b%#0

Derivation: Algebraic expansion and integration by substitution

BaSIS. 1 __ _a-bsinfz] __ a _ bSin[z]
* asbsin[z] ~ a?-b2sin[z]?  a?-b%+b? Cos[z]2 a2-b2+b? Cos[z]?
Basis: Let g = \/ —a? + b? , then 1 _ : - 1
a?-b%+b? Cos[z]? 2q (q+b Cos[z]) 2q (q-bCos[z])
Basis: Sin[e+fx] F[gCos[e+fXx]] == - i Subst[F[x], X, gCos[e+fx]] & (g Cos[e +
[
Rule: If a2 - b% + 9, letq = 1/ —a% + b? , then

1 1

fx])

J dx — a
\gCos[e+fx] (a+bsSin[e+fx]) '\/gCos[ewa] (az—b2+b2Cos[e+-Fx]2

1

a a 1 bg
— -— dx - — dlx+—Subst[J
2qJ\[gCos[e+fx] (q+bCos[e+fx]) 2qJ\/gCos[e+fX] (a-bCos[e+fx]) f W(gz (a% - b?) + b2 x?)

Program code:

Int[1/(Sqrt[g_.+cos[e_.+Ff_.xx_]]+(a_+b_.xsin[e_.+f_.xx_])),x_Symbol] :=
With[{q=Rt[-a"2+b"2,2]},
-a/ (2xq) »Int[1/(Sqrt[g«Cos[e+fxx] |« (q+bxCos[e+Ffxx])),x] -
a/ (2+q) *Int [1/(Sqrt [g*Cos[e+fxx]]*(q-bxCos[e+fxx])),x] +
bxg/fxSubst [Int[1/(Sqrt[x]+(g"2x (a"2-b"2) +b"2xx"2)),X],X,g*Cos [e+fxx]|]] /;
FreeQ[{a,b,e,f,g},x]| && NeQ[a~2-b"2,0]

dlx—bj
)

Sin[e + -Fx]

dx

'\/gCos[ewa] (az—b2+b2Cos[e+-Fx]2)

1

dx, X, gCos[e+-Fx]]

29



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

8. J(gCos[e+fX])p (a+bsin[e+fx])"dx when a’>-b*>#0 A m¢z*

1: J(gCos[erFx])p (a+bSin[e+-Fx])"'d1x whena?-b>#0 AmeZ Am+p+1¢2zZ*

Derivation: Integration by substitution
Rule:If a2-b2+0@ Amez Am+p+1¢2z*, then

J(gCos[ewa])” (a+bsinfe+fx])"dx —

g(gCos[e+-Fx])'°_1 (a+bSin[e+-Fx])"I+1 1-p 1-p a+b a-b

o1 o1 AppellFi [—P -m, —, —, 1-p-m, ' i) R
bf (m+p) (_b(1_5j_n[e+fx]))2_ (b(1+sin[e+fx]))T 2 2 a+b51n[e+fx] a+b51n[e+-Fx]
P a+bSin[e+f x] a+bSin[e+f x]

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol] :=
g* (g*Cos [e+‘F*x] )" (p-1) = (a+b*Sin [e+f*x] ) & (m+1)/
(b#fx (m+p) » (-bx (1-Sin[e+fxx])/(a+bxSin[e+fxx]) )~ ((p-1) /2) * (bx (1+Sin[e+fxx])/(a+bxSin[e+fxx]) )" ((p-1)/2))*
AppellF1[-p-m, (1-p) /2, (1-p) /2,1-p-m, (a+b) /(a+bxSin[e+fxx]), (a-b) /(a+bxSin[e+fxx])] /;
FreeQ[{a,b,e,f,g,p},x] && NeQ[a~2-b"2,0] && ILtQ[m,0] && Not[IGtQ[m+p+1,0]]

]

30



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m

2: J-(gCos[erFx])p (a+bsin[e+fx])"dx when a’>-b*#@ A m¢z*

Derivation: Piecewise constant extraction and integration by substitution

(g Cose+fx])P1

Basis: Oy 1S — ==
<17a+bSin e+f x )j <17a+bSin e+f x )T
a-b a+b
Basis: Cos [e + f x] == % OxSinfe + f x]

Rule:If a2 -b%?+0 A m¢ Z*, then

J\(gCos[erFx])p (a+bsinfe+fx])"dx —

g(gCos[e+-Fx])p'1 b bsin|[e + f x] 5 b bsin[e + f x| S ) .
p-1 p-1 Cos[e+fx] - b_ b b_ b (a+b51n[e+fx]) dx —
(1_ﬂlﬁﬂﬂﬂin(1_£LEﬂﬂﬂin a- a- a+ a+
a-b a+b
c fx])P* = e

g(g OS[e+ x]) Subst[J(— b - bx]z ( b - bx)2 (a+bx)"dx, x, Sin[e+fx]]
£ (1_ a+bSinfe+fx] )% (1_ a+bSinfe+f x] )pz—1 a-b a-b a+b a+b

a-b a+b

Program code:

Int[(g_.xcos[e_.+f_.»x_])~p_x(a_+b_.*sin[e_.+f_.»x_])"m_,x_Symbol] :=
g (g*Cos [e+fxx] )~ (p-1) /(f (1- (a+bsSin[e+Ffxx])/(a-b) )~ ((p-1) /2) * (1- (a+bxSin[e+fxx])/(a+b) )~ ((p-1)/2) )+
Subst [Int[(-b/ (a-b)-bxx/(a-b))" ((p-1)/2)*(b/ (a+b) -bxx/ (a+b) )~ ((p-1) /2)  (a+bxx)*m,x] ,X,Sin[e+fxx]] /;
FreeQ[{a,b,e,f,g,m,p},x] & NeQ[a"2-b"2,0] && Not[IGtQ[m,0]]
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Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~"m 32

Rules for integrands of the form (g Sec[e + fx])P (a+bSin[e + fx])"

1: J-(gSec[ewa])p (a+bsin[e+fx])"dx whenp ¢z

Derivation: Piecewise constant extraction
Basis: O ((gCos[e+fx])? (gsec[e+fx])P) =

Rule: If p ¢ Z, then

(a+bsine+fx])"

J(gSec[e+fX])p (a+bSin[e+-Fx])"'d1x —» g2Intpartip] (gCos[e+fx])Fracpart[p] (gSec[e+fx])F"acpart[p]j
(gCos[e+fx])P?

Program code:

Int[(g_.»sec[e_.+f_.xx_])"p_»(a_+b_.*sin[e_.+f_.»x_])"m_.,x_Symbol] :=
g~ (2+IntPart[p]) » (g+Cos [e+fxx] ) ~FracPart [p] « (g*Sec [e+fxx])~FracPart [p] +Int[ (a+bxSin[e+fxx]) m/(g+Cos[e+fxx])"p,x] /;
FreeQ[{a,b,e,f,g,m,p},x] & Not[IntegerQ[p]]



